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ABSTRACT. In this paper, we consider the obstacle problem for Monge-Apmere
type equations which include prescribed Gauss curvature equation as a special
case. We establish C1'! regularity of the greatest viscosity solution in non-
convex domains.

1. Introduction. Let {2 be a bounded domain in R" with C* boundary 9. Given
a function g € C3(2), we shall concern the following obstacle problem

det D?u > 9(z,u, Du) in €,
u<g in Q,

(1.1)

u is locally convex in €2,

U= on 012,

where g > ¢ € C4(99Q), ¥ € C3(QxRxR"), ¢ > 0, Du = (D;u) and D*u = (D;;u)
denotes the gradient and Hessian of u, respectively. We say u is locally conver in
Q, if u is convex in arbitrary ball B,(x) ={y : |y —z| <r} C Q.

Denote A = {u : u is a viscosity solution of (1.1) }, see section 2 for the defini-
tion of viscosity solution. In the sequel, we may suppose the set A is nonempty.
Then we would like to study the maximization problem

u(x) =: sup v(x). (P)
veA

Our background is from finding the greatest hypersurface with an obstacle, whose
Gauss-Kronecker curvature is bounded from below by a positive function. From the
viewpoint of geometric applications, it is of interest to study the Dirichlet problem
for Monge-Ampere equations in non-convex domains, See [9, 10, 11] and references
therein.

Using Perron’s method we show in the beginning of the next section

Theorem 1.1. If A is nonempty, then the mazimizer u of (P) is still in the class
A and in viscosity sense

det D*u(z) = (z,u(z), Du(z)), = € {zr € Q:u(x) < g(z)}.
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In this paper we are interested in the regularity of the maximizer u of (P). When
¥ =1, =0 and Q is strictly convex, the problem (P) has been studied by Lee [13].
He proved the C''! regularity of the viscosity solution and C1® regularity of free
boundary. Another obstacle problem for Monge-Ampére equation was considered
by Savin [16], he studied the minimum nonnegative function w satisfying u = 1
on 09 and Mu < pg, where Mu is the Monge-Ampere measure (see [12]) of u. In
[5], Caffarelli and McCann considered the free boundary problem of Monge-Ampere
type equations related to optimal transportation problem.

We say 1(z, z,p) has fine property, if comparison principle holds for equation

det D*u = v(z,u, Du) in €, (1.2)
i.e., let u (resp. v) be a viscosity subsolution (resp. viscosity supersolution) to (1.2)
and u < v on 0G, then
u<v inG,
where G C (2 is an arbitrary domain.
Many functions have the fine property, such as ¢» = ¢¥(x) > 0 and

n+2

U(@,z,p) = K(@)(1+[pl*) =,
where K (x) > 0, see [17].
The following theorem shows the regularity of the maximizer of (P).

Theorem 1.2. Assume that g > ¢ on Q and 1 > 0 has fine property and there
exists a function u € A. If u € C%(Q), then the mazimizer u € CH1(Q).

After establish the C'''! regularity, the obstacle problem reduces to the obstacle
problem for the uniformly elliptic equations.

Remark 1. In case ¢ = () or, more generally (due to P.L. Lions; see [6]), when
1) satisfies

0<(z,2z,p) <C(1+ |p|2)"/2 for x € Q, z < maxy, p € R",

one can construct a strictly convex subsolution u € C?(Q) to (1.2) with u = ¢ on
09 if  is strictly convex; this fails for non-convex domains.

Our approach can be applied to obstacle problem for more general Monge-
Ampere equations, see section 4 in the paper.

The paper is organized as follows. In section 2, we recall the definition of convex
viscosity solution and prove Theorem 1.1. In section 3, we consider a singularity
perturbation problem and prove Theorem 1.2. In section 4, we treat another Monge-
Ampere type equation with obstacle.

2. Existence and uniqueness of viscosity solution. We open this section by
recalling the notions of superjet and subjet and some facts for convex function. Then
we use Perron’s method to prove Theorem 1.1 and transfer the obstacle problem to
another form.

Definition 2.1. Let u € C(Q) and & € Q.
(i). The second order superjet Jg Tu(#) is the set of the (p, X) € R" x 8" such
that

u(z) <u(@) + (p,x — &) + %<X(I’*i‘),l’*i‘> +o(jx — 2[?), as & — @ in €,

where 8™ is the set of the symmetric n x n matrices.
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(ii). The second order subjet
JGTu@) = {(p, X): (p,X) € =J5T (—u)(@)}.
We also introduce
JETu(®) = JAu(@) N (R x 87),
where S is set of positive semidefinite symmetric n X n matrices.

The following lemma is proved in [1].

Lemma 2.2. Let u € C(Q). Then u is locally convez if and only if X > 0 for every
(p,X) € Jé’+u(x) and every x € Q).

Definition 2.3. Let u € C(Q) be locally convex.
(i). A function w is said to be a viscosity solution of (1.1), if

det X > ¢(xz,u(z),p), (p,X) e Jgtu(z), Vo eQ, (2.1a)
u<g in ), (2.1b)
u=¢ on J. (2.1c)

(ii). A function u is said to be a viscosity subsolution (resp. supersolution) of
(1.2), if for every x € Q
det X > (<)o (x,u(z),p), (p,X) e J3 u(z) (resp. Jg’_u(ac)).
A function w is said to be a viscosity solution of (1.2) if it is both a viscosity

subsolution and supersolution.

Note that every classical solution is a viscosity solution.
In next theorem, we only need ¥ > 0 that means our equations may be degener-
ate.

Theorem 2.4. (i) Assume that there exists a function u € A. Then

u(x) =: sup v(x)
veEA

is still in the class A and satisfies
det D*u(x) = (z,u(z), Du(z)), 2 € E =: {x € Q: u(z) < g(x)} (2.2)
in viscosity sense. If u € C%1(Q), then u € C1(Q).
(ii) If ¥ has fine property, then w is the unique function satisfying
max{u — g, —(det D*u — ¢ (z,u, Du)} =0 in Q,
u>u in S,
. , (2.3)
w s locally convex in €,
u=¢ on 0,
mn viscosity sense.
Proof. (i) Obviously, u is locally convex and satisfies (2.1b) and (2.1c¢). Equation

(2.1a) follows from Lemma 4.2 in [7].
Let h be the harmonic extension of ¢ in €2, that is h satisfying

Ah=0inQ, h=¢ on 0. (2.4)
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Since w is locally convex, u is a viscosity subsolution to Au = 0 in 2. By comparison
principle, u < h on 2. On the other hand, u < w by the assumption. Note that
h =wu = u on 0L, thus for any z € 92

D,h(z) < liminf u(z) — u(z — tv)
t—0+ t

< limsup u(z) — u(z —tv)
t—0+ t

< lim sup ulw) —u@ = tv)
t—0+ t

)

where v is the out normal to 0€2. Hence by the convexity of u,
lullcora) < C, (2.5)

where C' depends only on |ullco.1(q), [l¢llc1se) and Q.
Next, we shall prove (2.2). If u fails to be a solution of

det D*u < (z,u, Du) in E, (2.6)
there will exist a point ¢y € E such that, we may assume zg = 0,
det X > (0, u(0),p) for some (p, X) € J;ZQ’fu(O),
hence X > 0. Then by the continuity

sy (2) = u(0) + 8 + {p, ) + (X, 2) —laf

is convex and satisfies det D?us ., > ¢ and us(z) < g(z) in B, = {z : |z| < r} for
small 7,4,y > 0. Since

1
u(z) > u(0) + (p,x) + 5 (Xz,2) + o|z]),
if we choose 6 = (r?/8)~, then u(z) > us(x) for r/2 < |z| < rif r is sufficiently
small and then, by Lemma 4.2 in [7], the function
Ulz) = max{u(z),us ()} if |z] <.7°7
u(zx) otherwise,

is a viscosity solution to det D?u > 1. Note that U(z) is locally convex, U(z) <
g(x) and U(0) > w(0), this contradicts to the assumption of u. Thus (2.6) holds.
Combining (2.6) and (2.1a), we complete the proof of (2.2).

(i1) From above it is easy to see that u satisfy (2.3). Let uj, ua be two solutions
0 (2.3). Suppose there exists a point g € 2, such that u;(zg) < uz(xo). Let G be
a connected domain G C () containing xg such that

up(x) < wug(x) in G,  wuy = ug on 0G.
Since us < g in 2, u; < g in G. Thus in viscosity sense
det D%usy > U(x,ug, Dug) in G
and
det D*u; = ¢(z,u1, Dup) in G.
By comparison principle, we have
us < up; in G,

this is a contradiction. We complete the proof. O
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3. Singular perturbation problem and C! regularity. To establish the C':!
regularity for the greatest solution in Theorem 1.2, we consider the following singular
perturbation problem

det D?u = eP=("=9)4)(x,u, Du) in Q, (3.1)
U= on 01, '
where
0, z <0,
e\Z) =
pe(2) {23/5, z >0,
and € € (0,1).

Theorem 3.1. Let ¢ > 0 have fine property. Assume there exists a function
uc Aandu e C*Q). Then for each ¢ € (0,1) there exists a unique solution
us € C3(Q) N CHQ) to (3.1) satisfying
ue >u in Q (3.2)
and
HUEHC2(§) <C, (3.3)
where C' > 0 is independent of €.
Proof. Since u < g, u € C%(Q) is a subsolution to (3.1). Due to Theorem 1.1 of [9],
there exists a unique solution u. € C*%(Q) of (3.1) satisfying (3.2). By the interior
regularity theory of elliptic equations, u. € C*(Q2). Then we only need to show the
uniform estimates (3.3).
Since u € AN C?(€), then there exists a constant v > 0 such that
D?*u>vI onQ, (3.4)
where I is the identity matrix. Let A be the harmonic extension of ¢ in 2. By the
maximum principle, we have
u<u.<hin, u=u.=~hon9of.
Since u. is convex, we have
|ue| + [Duc| < C1 on 9, (3.5)

where the constant Cy > 0 depends only on Q, n, [[¢[lc1(an) and [|ul/c1 g and is
independent of e. From (3.5), there exist constants 1y, 11 (independent of €) such
that

0 < o < Y(x,uc(x), Duc(z)) < 1. (3.6)
(a) Bounds for |D*u.| on 0. Since g > h = u. on 9 and u. < h in Q, there
exists a small constant 6 > 0 (independent of ) such that
ﬂe(us - g) =0 in Q57
where Qs = {z € Q: dist(z,0Q) < §}. Then
det D?u. = v(x,ue, Due) in Q5, ue = @ on 9Q.
By the same procedure used to establish boundary estimates for second order deriva-
tives in Theorem 2.1 of [9], we have
|D?u.| < Cy on 09, (3.7)
where the constant C2 > 0 depends on [ c2@xi—cy,00)x[—cr,cnln)r 1@llcso9),
[wll 2. € and n, and is independent of .
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(a) Bounds for |D?u.| in Q. Firstly, we need the following lemma.

Lemma 3.2. There exists a constant co independent of € such that
0 < Be(ue(z) —g(x)) <co in €. (3.8)

Proof. Let u-(xo) — g(xo) = sup(ue(z) — g(z)), without loss of generality, we may
z€Q

suppose that zo € Q. At g, we have Du.(x¢) = Dg(zo) and D?u.(x¢) < D?g(x0),

and then

B-(ue — g)(x0) = log det D*u. (o) — log(z0, uc(20), Duc(20))
< logdet D*g(w0) — log 9 (w0, ue (o), Duc(zo))
< logdet D?*g(xq) — log o =: o,

where we have used (3.6) and the constant ¢o > 0 is independent of e. Hence the
lemma follows. u

To simplify the notations, we will use u instead of u. from now on.
Set

b
W = xeg,la‘.;')éS" {D&u exp{g|D(u — 92+ §|z|2}}7

where a, b are positive constants to be determined later. In order to establish (3.3)
it suffices to derive a bound for W.

If W occurs on 9f2, then W can be estimated via our known estimates (3.7). So
we may assume W is achieved at a point x¢ € £ and for some unit vector £ € S™.
We may suppose § = e = (1,0,---,0), then Dqju(xo) = 0 for j > 1. By rotating
the coordinates {xa,--- ,x,}, we may assume D?u(wg) is diagonal. We may also
assume Dyju(zo) > Di1g(w0), otherwise we are done. Let F(D?u) = logdet D?u,
we have

O*F
auijé)ukl

(Fy) = (5

_ 2. \—1
6“1]) - (D u) 9

=Fjjn=—FypFj.
Let L be the linearized operator at xg
L= FZL']‘ (DQ’U,(xo))DU
Since W is achieved at xg, it follows that the function
a b
h =log Dy1u + §|D(u -9+ §|30|2

also attains its maximum at xq for the constants ¢ > 1 and b > 0 to be determined
later, and consequently

Dh(xp) = 0 and D*h(xq) < 0. (3.9)
Since (F;;(D?*u(x))) is diagonal,
L(h)($0) = (F‘“(D2U(IQ)))D“h($0) = (Diiu(xo))_lDiih(xo) S 0. (310)
Now,
Dllz
D;h = + aDk(u — )Dm(u — g) + bx;, (311)
D11’u
Diiiu (Diniu)
' Dyu (D1iu)? Z kil (3.12)

+ aDk(u - )D;m-(u — ) +b.
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Rewrite equation (3.1) as
log det D*u = B.(u — g) + f(x,u, Du),

where f(z,u, Du) = log(z,u, Du), and differentiate it to obtain at x,

> (Diiu) ' Diggu = Di(Be(u—g) + f) for all k, (3.13)

i

(Duiju)®
i DjuDjju
Since AL, 57 > 0 and Dyju(xo) > D11g(xo),

L(Dyyu) — =D f + BL(u—g)Di1(u—g) + B (u— g)(D1(u— g))*.

(D1
DHu > Z L ] + Dllf- (314)

By replacing (3.12) into (3.10) and multlplymg it by Dyju(xg), we see that

D
0>L D11u Z D l”j,g - +aDijulAu — 2aD11uAg
11 (42

+ ZaDk(u — g)

From (3.13) and (3.14), choosing

b= asup |Dy(u— g)Diirgl,
€N

D11u
Diiu

Gkl + (b — aDy(u — g)Diirg).

in view of the convexity of u we infer that
0> Dy f +a(Diu)? — 2aDyulg + aDy(u — g)D11uDy(B:(u — g) + f)

> fo, Dyt (a+ fpip)(Duiw)® + aBl(u — g)|D(u — g)* Duu
J
+ aDy(u — g)Durufp, Djxu — Ca(l + Diyu).
Since Dh(xg) = 0 and (3.11), we have

Z fp; Djiiu+ aDp(u — g)Diufy, Djgu = fp, Dinu(aDy(u — g)Dyjg — bx;).
J

Thus
0> (a+ fplpl)(Dnu)2 — Ca(l + Dyyu).
Choosing
a = sup |fp,p, (z,u(z), Du(2))| + 1,
e
then

0> (Dy1u)? — C(1 4 Dyyu)
and hence (for a different C)
Dyyu(zg) < C,
which implies
W <C,
and hence
HD2UHL°°(Q) < Cs, (3.15)

where the constant C3 is independent of «.

Combining (3.5), (3.7) and (3.15), we complete the proof of (3.3). O
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Proof of Theorem 1.2. According to the uniformly estimates (3.3), there exists a
subsequence u., and a function u € C**(Q) such that

Ue, —u in CH*(Q), Ya € (0,1), as ex — 0.

Obviously, © < u and the inequality v < ¢ in  follows from Lemma 3.2. Then
by the stable property of viscosity solution theory (see [7]), it is easy see that u is
a solution of (2.3). According to (i) of Theorem 2.4, u is the greatest solution of
(1.1). Thus we complete the proof of Theorem 1.2. |

In fact, u € C*>*(E) for any a € (0,1), where E as in Theorem 2.4. This
follows from (7) of Theorem 2.4, Evans-Krylov estimates and Schauder estimates
for nonlinear elliptic equations, see [8] or [3].

4. Another Monge-Ampeére type equations. We shall treat one more problem

max{(u — g), —(det(D;;u — 0;;(x)) —¢(z))} =0 in Q,
(Diju — Uij) Z 0 in Q, (41)
U= on 0,

with g, ¢, 1 and Q as before, (0;;(z)) € C?(Q) a symmetric matrix function.
Without loss of generality we can assume always that (0;;) is nonnegative definite
and u is convex. The reason is that we can choose a very large number A, such that
AT+ (0;;) is nonnegative definite, then let u = v — A|z|? and solve the problem for
.
The Dirichlet problem for equation

det(Diju — O'ij) = ’(ﬂ(x) in Q, (42)

has been treated by Caffarelli, Nirenberg and Spruck [6], and by Li [14] for general
right hand side.

Proposition 1. Assume Q is strictly convex, there exists a function u € C3(Q)
such that

u<g, (Diju—o0i;) >0 and det(Diju— o) > () inQ (4.3)
and
u=1¢ on 0. (4.4)

Proof. Let uy be a solution to (4.2) with uy = ¢ on 92 (see [6]) and uz be a convex
solution to equation det D?u = 1 in Q with us = 0 on 09Q. Let u = u; + Aug with
constant A > 0, then u is a subsolution to (4.2). Since ¢ > g on 9Q, ug < 0 in Q
(see [4]) and uq is strictly convex, u < g by choosing large . O

As before, we have

Theorem 4.1. Let u € C?(Q) satisfying (4.3) and (4.4), then there exists unique
function u € CYY(Q) satisfying (4.1) and u > u in Q.

When ¢ =1, ¢ =0, 045 = 0 and § is strictly convex, this theorem was proved
by Lee [13]. In view of Proposition 1, Theorem 4.1 is an extension of results in [13],
too.
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Proof of Theorem 4.1. As in section 3, we consider the singulary perturbation prob-
lem
det(Diju — O'ij) = eﬁf(“_g)w(x) in Q, (4 5)
U= on 0f, ’
where 3:(-) as (3.1) and € € (0, 1).

Note that u is a subsolution of (4.5). By the same approach used in [9] and
[11], it follows that there exists unique solution u < u. € C**(Q) to (4.5) for any
e € (0,1). To complete the proof, we need to establish uniformly estimates similar
to (3.3). Mimicking the procedure in the proof of Theorem 3.1, we can estimate
[[tellcr @) and bounds for D?u. on 09. To prove the bounds for D?u. in €, we

choose

W=, (Ve {5000+ 5o},

where a, b are positive constants to be determined later and

Uge(x) = (Diju(x) — 0ij(x))&:&;-
The rest computation is similar and we omit it here.
Once the uniformly estimates for D?u. at hand, we conclude that there exists a
function u € C*1(Q) satisfying (4.1). The uniqueness can be proved from classical
comparison principle, see the proof of (i) of Theorem 2.4. O
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